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Exact Controllability for Stochastic Transport 

Equations* 

QiLiit 

Abstract 

This paper is addressed to studying the exact controllabihty for stochastic transport 
equations by two controls. One is a boundary control in the drift term and the other is 
an internal control in the diffusion term. By means of the standard duality argument, 
the control problem is converted into an observability problem for backward stochastic 
transport equations, and the desired observability estimate is obtained by a global 
Carleman estimate. At last, we give some results about the lack of exact controllability 
which show the action of two controls is necessary. To some extent, this shows that 
the control problems for stochastic PDEs differ from its deterministic counterpart. 
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1 Introduction 



^ I Let T > and G C ]R'^((i G N) a strictly convex bounded domain with the C^ boundary 

r. Denote by u^x) = (i/^(x),--- ,i''^{x)) the unit outward normal vector to T at x. Let 
xi,X2 eT such that 

\xi — X2\M.d = max_|xi — a;2|Rd. 

Without loss of generality, we assume that G G and = Xi + a;2. Put R = max IxLd. Let 

rcer 

S'^-^ = {a; : X G M^ \x\k, = 1}. 
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Denote by 



r_5 = {{x,u)erx s'^-^ -. u ■ u{x) < 0} and r+5 = (r X s'^-^) \ r_ 



s- 



Let us define a Banach space L^(r_5) as the completion of all h G C^(r_ x S ) with the 
norm 

A / , .. ,,,2, 



\h\Ll{V.s) 



U-u\hrdTdS 



r_s 



where dS denotes the Lebesgue measure on 5'°' ^. Clearly, L^(r_5) is a Hilbert space with 
the inner product (■, ■)Ll,(r.s) given by 



ih, h2)Ll(T.s) = ^ / ^ ■ vhih2dTdS, 



and L^(r_5') is dense in L^(r_5'). 

Let (n, J^, {J-t}t>o, -P) be a complete filtered probabihty space on which a one dimensional 
standard Brownian motion {B{t)}t>Q is defined such that {J^t\t>o is the natural filtration 
generated by {B{t)}t>o-, augmented by all the P-null sets in J-". Let H he a. Banach space. 
We denote by -^jr(0, T; if) the Banach space consisting of all if -valued {J-i}i>o-adapted pro- 
cesses X(-) such that E(|X(-)||2(or_H')) ^ ^^i ^y L'^i^yT; H) the Banach space consisting 
of all if-valued {J-'(}i>o-adapted bounded processes; and by L'jr{Q;C{[0,T];H)) the Ba- 
nach space consisting of all ii- valued {J-'i}i>o-adapted continuous processes X(-) such that 
E(|X(■)|^/rQ^,.J:J^) < oo(similarly, one can define L'jr{fl; C'^([0,T]; if)) for any positive integer 
k). All of the above spaces are endowed with the canonical norm. 

The main purpose of this paper is to study the exact controllability of the following 
controlled linear forward stochastic transport equation: 



dy + U ■ Vydt 



aiy+l a2{t,x,U,V)y{t,x,V)dS + f 

Isd-i 

+ [a3y + v]dB{t) 



dt 



y = 



u 



2/0 



in (0,T) xGxS'^-\ 
on(0,T)xr_5, 
in G X S'^-^. 



'l.i: 



Here and in the sequel, V denotes the gradient operator with respect to x, 

- yo e L\G X S"-'), 

a2eLf{Q;C\[0,T];C\Gx S"^-^ x S'^-^))), 

a3eL-(0,T;L-(G'x5'^-i)), 

f eL^O,T;L\Gx S"^-^)). 

The boundary control function u G iy^(0, T; iy^(r_s)), and the internal control function 
veL^O,T;L^{GxS''-^)). 

We begin with the definition for the solution to the system (11.11) . 
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Definition 1.1 A solution to the system (II. ip is a process y G L'jr{Q;C{[0,T];L'^{GxS'^ ^))) 
such that for every t G [0, T] and every 

(peC^GxS'^-^), (f) = OonT+s, 
it holds that 

y{T,x,U)(j){x,U)dSdx — I I yo{x,U)(f){x,U)dSdx 





y{s,x,U)U-V(l){x,U)dSdxds+ / / u{s,x,U)(l){x,U)U ■ vdT^sds 
JgJs'^-^ Jo ir_s 

[ai{s, X, U)y{s, x, U) + /(s, x, U)\ 0(a;, U)dSdxds 
JgJs''-^ 

02(3, X, U, V)y{t, X, V)dS (f){x, U)dSdxds 





Jg JS''-^ L j_5d-i 



+ 

+ / / / [as{s,x,U)y{s,x,U) + v{s,x,U)~\(f){x,U)dSdxdB{s)^ P-a.s. 
Jo JgJs^-^ 

(1.2) 

In Section 2, we will prove the following result. 

Proposition 1.1 For each yo G L'^{Q, J-q, P; L'^{G)), the system (11. ip admits a unique solu- 
tion y. Further, there is a constant C > such that for every y^ G L'^{Q,J^o, P; L'^{GxS'^^^)), 
it holds that 

I|/|l2(Q;C([0,T];L2(Gx5'*-1))) 
< e '^^(E|?/o|L2(Gx5d-l) + |/|L2^(0,r;L2(Gx5'*-l)) + l'"lL3,(0,r;L2,(r_s)) + \v\l%{0.T;L2{GxS''-'^))) ■ 

(1.3) 
Here 

Now we give the formulation for the exact controllability of the system (II. ID . 

Definition 1.2 System (II. ip zs sazc? to be exactly controllable at time T if for every initial 
state yo G L^{n,To, P] L\G x S'^-^)) and every y^ G L\n,TT,P;L\G x S"^-^)), one can 
find a pair of controls {u,v) G L^O,T; LliT_s)) x L^O,T;L^{G x S^^^^)) such that the 
solution y of the system (11.10 satisfies that y(T) = yi in L'^{Q, J^t, P] L'^{G x S'"'^^)). 

We have the following result for the exact controllability of the system (II. ip . 

Theorem 1.1 System (II. ip is exactly controllable at time T, provided that T > 2R. 



We put two controls on the system. Moreover, the control v acts on the whole domain. 
Compared with the deterministic transport solution, it seems that our choice of controls is 
too restrictive. One may consider the following four weaker cases for designing the control. 

1. Only one control is acted on the system, that is, u = or f = in (11. ip . 

2. Neither u nor v is zero. But f = in (0, T) x Gq) where Gq is a nonempty open subset 
of G. 

3. Two controls are acted on the system. But both of them are in the drift term. 

4. The time T < 2R. 

It is easy to see the lack of exact controllability for the fourth case. Indeed, if the system 
(11. ip is exactly controllable at some time T < 2i?, then one can get the exact controllability 
of a deterministic transport equation on G at time T with a boundary control acted on r_5, 
which is obviously untrue. For the other three cases, according to the controllability result 
for deterministic transport equations, it seems that the system should be exact controllable. 
However, it is not the truth. Indeed, we have the following result. 

We establish the exact controllability of the system (II. ip by employing two controls. As 
we all know, deterministic transport equations are exactly controllable by utilizing only one 
boundary control. It is natural to ask whether one control is enough to achieve the exact 
controllability for stochastic transport equations. Indeed, we have the following result. 

Theorem 1.2 If u = or v = in the system (II. ip . then the system (II. ip is not exactly 
controllable at any time T. 

Theorem 11.21 shows that two control is necessary for exact controllability. However, the 
control V in the diffusion term ia acted on the whole domain G, one may expect to get the 
exact controllability of (II. ip with v supported in a subdomain of G. However, this wish 
cannot be true. 

Theorem 1.3 Let Gq be a nonempty open subset of G. Ifv = (0,T) x Gq, then the system 
(II. ip is not exactly controllable at any time T. 

For the third case, we consider the following controlled equation: 



dy + U ■ Vydt 



aiy+ I a2it,x,U,V)y{t,x,V)dS + f + 



dt 



+a^ydB{t) in (0,T) x G x S'^-i, 

y = u on (0,T) x r_s, 

I 2/(0) = 2/0 in G X S''-\ 



Here £ G iv3.(0,T; L'^{G)) is a control. 

Theorem 1.4 The system (ll.4p is not exact controllable for any T > 0. 



;i-4) 



In order to prove Theorem ll.il we make use of the classical duality argument. We obtain 
the exact controllability of the system (11. ip by establishing an observability estimate for the 
following backward stochastic transport equation: 



dz + U -Vzdt-- 
. ziT) = zt 



biz+ / b2{t,x,V,U)z{t,x,V) + b3Z 
+{biZ + Z)dB{t) 



dt 



in (0,T) xGxS'^'\ 
on (0,r) X r+, 
in G X S'^~\ 



(1.5) 



Here 



{ Zt e L\VL, It, P; L\G x S'^-')), 
bi eL^{0,T;L^{Gx S'^-^)), 
62 e L|?(fi; C\[0, T];C\G x S''-^ x S''-'))), 
63GL|?(0,T;L°°(G'x5'^-1)), 

I 64 eL^(0,T;L°°(G'x S'^-^)). 

Before studying the observability estimate for the equation (II. 5p . we first give the defi- 
nition of the solution to it. 

Definition 1.3 ^4 solution to the equation ( \1.5\\ is a pair of stochastic processes 

{z, Z) e L~(0, T; L\G x S'^-^)) x L^(0, T; L\G x S"^-^)) 
such that for every ip G C^{G x S'^^^) and a.e. (r, w) G [0,T] x Q, it holds that 




zt{x, U)ip(x, U)dSdx — 






f f z{T,x,U)^{x,U)dSdx 
JcJs'i-^ 




T JGJS'i 

T 



;i.6) 



^11 z{s,x,U)U ■Vij{x,U)dSdxds 

[bi{s, X, U)z{s, X, U) + 63(5, X, U)Z{s, X, U)~\ipix)dSdxds 
+ 111 \ b2{t,x,V,U)z{t,x,V)ds]ij{x,U)dSdxds 

+ / / / [b4{s,x,U)z{s,x,U) + Z{s,x,U)~\^{x,U)dSdxdB{s). 

Jt Jg Jsd-^ 

In Section 2, we will establish the following result. 

Proposition 1.2 For any zt G L'^{VI^J^t-,P]L'^{G x S'^^^)), the equation (II. 5p admits a 
unique solution {z,Z). Moreover, {z,Z) satisfies that 



II I I V I ^ Cr2 1 I 

|2;|L^(0,T;L2(GxS'd-i)) + |^|l2^(0,T;L2(Gx5''-1)) S C \ZT\L'^{Q.,TT,P;L'^{Gy.S<i'^))-, 
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;i-7) 



where 

4 

Now we give the definition of the exact observabihty for the equation fll.Sp . 

Definition 1.4 Equation (11.51) is exactly observable at time T if there exists a constant 
C(6i, 62? ^3; ^4) such that all solutions of the equation (11.51) satisfy that 

kT|L2(Q,J-r,P;L2(Gx5'«-i)) < C(6i, 62, &3, ^4) (k|L2,(0,T;L2^(r_s)) + \Z\L%{0,T;L'2{GxSd-i))) ■ (1-8) 

The solution z only belongs to L^(0,T; L^(G x S"^~^)), hence, it is not obvious that z\r_ 
belongs to L'jr{0,T; L^(r_)). Fortunately, it is true by the following result. 

Proposition 1.3 Let {z,Z) e L'^{0,T;L^{G x S'^~^)) x L^O,T;L^{G x S'^-^)) solves the 
equation (ll.5p with the terminal state Zt- Then 

PlL2,(0,T;L2,(r_s)) ^ ^ ^l^r|L2(Gx5''-i)- 

Remark 1.1 The fact that ^|r_5 G -^j-(O) ^j -^^(^-5)) ^s sometimes called a hidden regular- 
ity property. It does not follow directly from the classical trace theorem of Sobolev space. 

It follows from Proposition II. 31 that |2|^2 cqt-l^ (r )) makes sense. Now we give the result 
for the exact observability of the equation (II. 5p . 

Theorem 1.5 IfT> 2R, then the equation (II. 5p is exactly observable at time T. 

In spite of its simple linear form, the transport equation governs almost every diffusion 
processes (see [7] for example). Moreover, it is a linearized Boltzmann equation, and it is 
related to the equations of fluid dynamics such as the Euler and the Navier-Stokes equations. 
It is desired to study the stochastic transport equations since it is an model when the system 
governed by the transport equation is perturbed by stochastic influence. The stochastic 
transport equation is extensively studied now (see [21 E] for example). 

The controllability problems for linear and nonlinear deterministic transport equations 
are well studied in the literature (see [H El [8], [9], |12] and the references cited therein). On the 
contrast, to our best knowledge, there is no published paper addressed to the controllability 
of the stochastic transport equation. 

Generally speaking, there are three methods to get the exact controllability of the deter- 
ministic transport equation. The flrst and most straightforward one is utilizing the explicit 
formula of the solution. By this method, for some simple transport equations, one can explic- 
itly give a control steering the system from every given initial state to each given flnal state, 
provided that the time is large enough. On one hand, it seems that this method cannot be 
used to solve our problem since we do not know the explicit formula for the solution to the 
system (II. ip . On the other hand, we borrow this idea to prove our negative result (Theorem 
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II. 2p . The second one is the extension method. This method was first introduced in [13] for 
obtaining the exact controllabihty of wave equations. It is useful to solve the exact control- 
lability problem for many hyperbolic equations. However, it seems that it is only valid for 
time reversible systems. The third and most popular method is based on the duality between 
controllability and observability. Solving the exact controllability problem is transformed to 
establishing some suitable observability estimate, and the desired observability estimate is 
obtained by a global Carleman estimate (see |9] for example). 

Similar to the deterministic setting, we shall use a stochastic version of the global Carle- 
man estimate to derive the inequality (11. 4p . For this, we borrow some idea from the proof of 
the observability estimate for deterministic transport equations (see p] for example). How- 
ever, the stochastic setting will produce some more undesired terms in the computation. We 
cannot simply mimic the method in [9] to solve our problem. 

In the literature, in order to obtain the observability, people usually combine the "Carle- 
man estimate" and "Energy estimate" (see [9l[Tl] for example). In this paper, we deduce the 
inequality (ll.4p by our global Carleman estimate directly. Indeed, our method even provide 
a simpler proof for the observability estimate for deterministic transport equation. 

The rest of this paper is organized as follows. In Section 2, we first present the proofs of 
Proposition 11.1111.31 Then we also give a weighted identity, which will play an important role 
in establishing the global Carleman estimate for the equation (II. 5p . Further, we give a lemma 
which is utilized to show the lack of exact controllability results. Section 3 is addressed to 
proving Theorem 11.51 and Section 4 is devoted to proving Theorem ll.il At last, in Section 
5, we prove Theorem 1 1 . 2H 1 . 4] 

2 Some preliminaries 

In this section, we present some preliminary results. We first establish the well-posedness of 
the equation (II. ip and (II. 5p . Then, we prove a fundamental weighted identity which plays a 
key role in proving the observability estimate of the equation (II. 5p . At last, we give a lemma 
that is used to show the lack of exact controllability. 

Proof of Proposition li.il : The existence of the solution. Let us first deal with the 
case in which 



u e L^n;C\[0,T];H^^^{G X S'^-^) H H\G x S'^-^))), m(0, -, ■) = on r_s, ^-a.s., 

yo G L\n, Jo, P; H\G X S'^'^)) and yo = on r_s, P-a.s., 

f,veLl{Q,T-Hl{GxS'-^)). 

(2.1) 



A 



Here Hl^ iG x S'^-^)) = {u : uE H\G x S^-^), u = on T+s}- 



Let us consider the following equation: 

dw + U ■ Wwdt = iaiw + / a^{t,x,U,V)w{t,x,V)dS + fjdt 



+ {a2W + v)dB{t) + a2udB{t) in (0, T) x G x 5^-i, 

ti;(t,0) = on(0,T)xr_5, 

t w{id) = yo in G X S'^'K 

(2.2) 



Here 



/ = —Ut — U ■ Vm + aiM + / 03(^5 X, [/, V)u{t, X, V)dS + f. 

Jsd-i 



Clearly, / e L^O,T; H\G x S'^-^)). Define an unbounded operator A on ^^(G' x S"^-^) as 
follows: 

D(A) = {he H\G X S'^-i) : h = Oon T^s} , 

Ah = ~U-Vh, \/heD{A). 

It is an easy matter to see that D{A) is dense in L^(G x 5'^^^) and A is closed. Furthermore, 
A satisfies the property that for every h G D{A), 



{Ah, /i)L2(Gx5d-i) = - I I hU ■ VhdSdx = - / U- u\h\'^dr < 0. 

Jg Js^-^ Jr+s 



One can easily check that the adjoint operator of A is 

D{A*) = {he H\G X S'^-^) : /i = on r+5} , 
A*h = U-Vh, yheD{A*). 

For every /i G -D(A*), it holds that 

(A*/i,/i)i2x5d-i = / / hUS/hdx= I ao-u\h\'^dV <Q. 
Jg Js''-^ Jr^s 

Then, we find that both A and A* are dissipative operators. Recalling that D{A) is dense 
in L^(G X S'^~^) and A is closed. We know that A generates a Cq semigroup {5'(t)}t>o on 
L^(G X S"^^^) (see [H Page 84] for example). Therefore, by classical theory for stochastic 
partial differential equations(see [2l Chapter 6]), we know that the system ( 12. 2p admits a 
unique solution 



w G Lj.(n; G([0, T]; L'(G x 5'^"^)) n L^(0, T; D(A)) 



such that 




w{T^x)(j){x)dSdx — / / yo{x)(j){x)dSdx 

w{s, x)U ■ V(f){x)dSdxds 
JcJs'i-^ 

[ai{s, X, U)w{s,x, U) + f{s,x, ?7)]0(x, U)dSdxds 
JgJs-^-^ 





JS'i-'^ 




02 (i, X, U, V)w{t, X, V)dS (f){x, U)dSdxds 
gJs'^-^ -I 

+ / / / [^az{s,x,U)\w{s,x,U) + u{s,x,U)\ + v{s,x,U)^4){x,U)dSdxdB{s), 

Jo JGJS'i-^ 

P-a.s., for any G C^(G x S'^~^), = on T+s, and r G [0, T]. 

(2.3) 
Let 

y{t, X, f/) = w;(t, X, U) + ^(t, x, [/), V(t, x, f/) G [0, T] x G x S'^-\ 

Clearly, 

?/ G L^(fi; C([0, T]; ^^(G x 5''+i))) n L^(0, T; D(A)). 

From the equality fl2.3p . we know that y satisfies 

y{T,x,U)(j){x,U)dSdx — / / yo{x,U)(j){x,U)dSdx 
iGJs'i-^ JgJs'^-^ 

y{s,x,U)U-\/(f){x^U)dSdxds+ / / / u{s,x,U)U ■\/(f){x,U)dSdxds 
~'g Js^*-! Jo JgJs''-^ 

[ai{s, X, U)y{s, x, f/) + /(s, x, U) — Ut{s, x,U) — U ■ Vm(s,x, U)~\(f){x)dSdxds 
'o Jg Js-i-^ 

/ a2(t,x, f/, V^)|/(t, X, y)(iS' (f){x^U)dSdxds 
^Jsd-^ ^ 

[03(3, X, U)y{s,x, U) + f (s,x, f/)]0(x, U)dSdxdB{s), 
JgJs'^-^ 

P-a.s., for any G C^(G x S'^^^), = on T+s, and r G [0,T]. 







JGJS-i-^ 







Utilizing integration by parts again, we see 

y{T, X, U)(f){x, U)dSdx — yoi^, U)(j){x, U)dSdx 

y{s, X, U)U ■ V0(a;, U)dSdxds 

JcJS'i-^ 

[ai{s, X, U)y{s, x, U) + /(s, x, U) — Ut{s, x, U)~\ (j){x)dSdxds 
JaJs'i-^ 

a2{t, X, U, V)y{t, X, V)dS (f){x, U)dSdxds 

Sd-i J 

+ / / / [a3{s,x,U)y{s,x,U) + v{s,x,U)'\(f){x,U)dSdxdB{s) 
Jo JaJs'^-^ 

P-a.s., for any G C^{G x S^"^), = on T+s, and r G [0, T]. 

(2.4) 
Therefore, y is a solution to the system (11. ip under the assumption (12. ip . Furthermore, by 
means of Ito's formula, we know that 




+ 

'o JgJs'^-^ 



nyit)\' 



t r r rt 



— 'E\yo\'^^2rQy^sd-i\ — 2^ / / / yUVydSdxds + 2K / / / / a2ydS ydSdxds 

Jo JgJs-^-^ Jo JgJs'^-^ ^Js''"^ -I 

+E / / / [2aiy^ + 2fy+{a3y + vy]dSdxds 
Jo JgJs'^-^ 

<E\yQ\l2(GxS'i-'^) ~^ / / U ■ uu'^dTds + 2E / / |a2lc(Gx5'*-ix5"'-i) / y'^dSdxds 

Jo Jr_s Jo Jg Jsd-^ 

(2.5) 

+2E / / / [aiy^ + y"^ + f + ajy"^ + v^] dSdxds 
Jo JgJs''-^ 

<E||/o|^2(Gx5d-i) + 2E / / / {ai + al + l)y^dSdxds-E / U-vu^dT_sds 

Jo JgJs<^-^ Jo Jr.s 

+2E / / \a'2\c(GxS''~^xS''-^) / y'^dSdxds + 2E / / / [p + v^^dSdxds. 
Jo Jg Js<i-^ Jo Jg Js<i-^ 

This, together with Gronwall's inequality, implies that 

blL3,(Q;C([0,T];L2(Gx5'*-i))) 
< e '■i(E|?/o|l2(c.xS"*-1) + \'^\l%{0,T;LI{V_s)) + \f\L%{0,T;L2{GxS'i-^)) + \'^\L%{0,T;L2{GxS'i'^))) ■ 

(2.6) 
By a similar argument, we can show that if 

{yo,uJ,v) G L\n,J^o,P\D{A)) x Ll{n,C\[Q,T]-Hl^^{G x S'^-i))) 
xL^(0,T;i7o^(G X S'^-^)) X L^(0, T; /7o^(G x S^^-^)) 
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and 

{yo,uJ,v) e L\n,J^o,P;D{A)) X LUn,C\[0,T];H^^^{G X S'-'))) 

xL^O,T;H^{GxS'^~^)) x L^O,T; H^{G x S'^'^)), 
then we can find corresponding solutions 

y,ye Llin- C([0, T]-L\G x S"-'))) n L^O, T; D{A)) 

such that 

1^ ~" Z/|l2^(Q;C([0,T];L2(GxS''-1))) 
< e ''^ (E|^0 - 1/o|l2(GxS'^-1) + \u- w|L2,(0,T;L2,(r_s)) + 1/ - /Il3,(0,T;L2(Gx5''-1)) 
+ \v - t^|i2^(o,r;L2(Gx5'«-i)))- 

Now let vo e L\n,To,P;L\G)), u G L2,(0,T; L^(r_5)), f,v G L2,(0,T;L2(G x 5'^-1)). 
Let us choose 



(2.7) 



mioh 1~ h P1 1~ 

f hm yo" = 2/0 in L'{n,J^o,P;L\G x S"-')); 

\unu^ = umL^O,T;Ll{r.s)); 
limr = /inL^(0,T;L2(GxS^-i)); 

n— ^oo 

lim w" = w in L^(0, T; ^^(G x S"^-^)). 

For every given {yl^,u"', f"',v"'), by the argument above, we know that there is a unique 
solution yn{-,-) to the system (II .ip . which satisfies 

l/„(r, X, U)(j){x)dSdx — Z/o (^' U)(f){x, U)dSdx 

+ / / yn{s,x,U)U ■V(j){x,U)dSdxds 
Jo JgJs<^-^ 

U ■ uu^'is, X, U)(f){x, U)dV_sds 




JT.s 




JgJs'^ 



[ai(s, X, U)ynis, x, U) + /(s, x, f/) — Ut{s^ x, U)~\ (j){x)dSdxds 



+ 




JGJS'i-^ 



Sd-i 



a2{t, X, U, V)yn(t, X, V)dS 0(x, U)dSdxds 




+ I II [a3{s,x,U)yn{s,x,U) + v{s,x,U)](j){x,U)dSdxdB{s 

'o JGJS'i-i 



P-a.s., for any G C\G x S" 
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on r+s, and r G [0,T], 



(2i 



and 



l2/n|L2,(n;C([0,T];L2{GxS''-i))) 
< e ''^(E|?/oIl2(GxS''-1) + l^n|L2,(0,T;L2_(r_s)) + l/n|L2^(0,T;L2(GxSd-l)) + \t^n\LJ,{0,T;L2{GxS'i-i))) ■ 

(2.9) 
Further, for any m,n G N, we have 

IVn — ym\LJ,{n;C{[0,T];L'2{GxS''-^))) 
< e ""^ (Ebo ~ 2/™|L2(Gx5d-i) + \Un — Um\L'j,(0,T;Ll(r.s)) + I/" " /m|L3r(0,T;L2(Gx5''-i)) 
+ 1^71 — 'i'm|L2^(0,T;L2(Gx5<*-i)))- 

(2.10) 
By means of 02. 7p and the inequahty O2.10p . we find that {yn}n=i is a Cauchy sequence in 
L^n;C{[0,T];L\G x 5^-^))). Hence, there exists a unique y G L^n;C{[0,T]; L'^{G x 
S^-i))) such that 

Vn^yin L^n; C([0, T]; ^^(G x S^"^))) as n ^ +cx). 



(2.11) 



Combining (12. 8p and (12. lip , we obtain that 

/ / y{T,x,U)(f){x,U)dSdx — / / yo{x,U)(f){x,U)dSdx 
Jg Jsd-'^ Jg is^-i 

y{s, X, U)U • V0(a;, U)dSdxds 
JgJs-^-^ 

[ai(s, X, U)y{s, x, U) + /(s, x, f/) — Mi(s, x, f/)] (j){x)dSdxds 



(2.12) 




JgJs''-^ 




JGJS'i-^ 



Sd~i 



a2(t, X, U, V)y{t, X, V)dS 0(x, U)dSdxds 



/ / [03(5, X, f/)|/(s,a;, f/) + f (s,a;, f/)](/)(x, ?7)(iS'(ia;(i5(s), 

P-a.s., for any G C^(G x 5^^-^), = on T+s, and r G [0,T]. 
Further, from ([23]) and f ETT]) . we find that 

blL2^(n;C([0,T];L2(GxSd-i))) 
< e ''^(E|yo|L2{GxS'*-i) + l'"lL2^(0,T;L2^(r_s)) + I/Il2^(0,T;L2(Gx5'^-1)) + l'y|L2^(0,T;L2(Gx5'^-l)))- 

(2.13) 
Hence, y is a solution to the system (II. ip . 

The uniqueness of the solution. Consider the following equation: 



dy + U ■ Vydt 

y = Q 
I 1/(0) = 



aiy + I a2{t,x,U^V)y{t^x^V)dS 
+a3ydB{t) 



dt 



in (0,T) xGx S'^-\ 

on(0,r)xr_5, 
in G X S'^-\ 



(2.14) 
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Let y e L3.(n; C([0, T]; L'^{G x ^'^-^))) be a solution to the equation f EJH]) . Then, by means 
of Ito's formula, we know that 




= E|yoli2(GxS<'-i) - 2E / / / yUVydSdxds + 2E / 

Jo JgJs''-^ Jo JgJs^-^ 

+E [2aiy'^ + {a3y + vf]dSdxds 

Jo JgJs-^-^ 

< E|i/oli2(Gx5d-i) + 2E / / / (ai + a2 + l)y^dSdxds 

Jo JgJs''-^ 

+2E / / |a2|ci(G'x5d-ixS'<'-i) / y'^dSdxds. 
Jo Jg Js'^-^ 

This, together with Gronwall's inequality, implies that 



a2ydS ydSdxds 

Sd-i 



|2/|l2,(Q;C([0,T];L2(GxS"'-1))) 



0. 



Hence, we know that the equation f l2.14p admits only one solution y = 0, which concludes 
the uniqueness of the solution to the system (11. ip . D 

Next, we give a proof of Proposition 11.21 

Proof of Proposition \l.S\ : The uniqueness of the solution. Let us suppose that 

{z, Z) E L~(0, T; L^{G x S'^-')) x L^(0, T; L\G x S'^-')) 

is a solution to f ILSp with z{T) = 0. Then, by Ito's formula, for a.e. t G [0,T], we find that 

EkWli2(Gx5'*-i) =2E / / / [zU -Wz-biz^ -b2zZ]dSdxdt 

-E f f f (bsz + ZfdSdxdt (2.15) 

it ic is'^-i 

<Cr2EJ \zis)\l2^axs^-^)ds- 

Therefore, by virtue of Gronwall's inequality, we conclude that 

z = mL^O,T;L\G)). 

From the definition of the solution to the equation fll.Sp . for any ip G G^{G x S*^"^), it holds 
that 

/ (62(5)^(5), V)^2(Gx5rf-i)^^ + / (^(^)'^)l2(gxS'*-i)^^(^) =0- 

This, together with the uniqueness of the decomposition of the semi-martingale, leads to the 
fact that (Z(-),'?/')2,2((7xS'*-i) = in [0,T], P-a.s. Hence 

Z = mL^^{0,T;L^{GxS'^-')). 
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The existence of the solution. We borrow some ideas from [15]. Let {e,}^ be 
the eigenfunctions of the homogeneous Dirichlet Laplacian on L'^{G x S''^"^) such that 
|ei|L2(GxSrf-i) = 1 (^ = 1, 2, ■ ■ ■ )• Let 

^" = {{U ■ Vei,e,)i2(Gx5<*-i))i<i,,<„, 

^fcW = ((&fcei,ej)i2(Gx5''-i))i<.^^.<„ for k = 1,3,4, 

^2(^) = ((^2,ei)L2(5d-i),ej)2,2(Gx5'«-i))i<ij<„- 

It is an easy matter to see that A^ is a skew-adjoint matrix. Since bk G -^^(0, T; L°°[G x 
5^-1)) (A; = 1,3,4), we know that 

^k ^ -^^(0,r;]R"^") and \B'^\l^(o,T;R">'") < |&fc|L^(o,T;L°°(Gx5''-i))5 k = 1,2,3. 

From 62 e L;^(fi; Ci([0,T]; ^^(G x S^-^ x S'^-^))), we find that 

B2 e L^(0,T;M" ") and 1^2 U;^{o,T;R"X") < |&2|L<^(n;Ci([o,T];Ci(GxS'''-ix5d-i)))- 

By the classical theory of backward stochastic differential equations (see [TOl Chapter 1] for 
example), we know that there is a unique 



z^ = {Znir--,Znn)' GLJ.(fi;C([0,T];M")) 



and a unique 



which solve the following equation: 

dzn + A'zn = {B'lzn + -Ba-^n + -B^^„) rft + {Blzn + Z„) rf5(t) in [0, T], 

Here z^ = ((zt, ei)L2(Grx5''-i), • • • , (^^t, e„)L2(GxS''-i)) • Moreover, (z„, Z„) satisfies 



(2.16) 



^(eLi 



l^n,^nJ|L2^(n;C([0,r];IR"))xL3,(0,T;R") SC ^ 

,Cr2 







IT, 



I^T|L2(Q_jr^^p.j^2(Gx5''-l)) 



(2.17) 



Let 



< e '^\ZT\L'^{Q.,rj,,p-L'^{GxS<i-^))- 
n 

z- = 5^z™e, G L^(0,T;L^(G x S^-^)), 

n 

Z^ = Y,Zn^e^ G L^(0,T;L2(G X S"-')). 

i=\ 

By virtue of the inequality (12.171) . we find that the sequence {z"}^^ is uniformly bounded 
in L^(0,T; L^(G x S"^"^)). Hence, we know that there is a subsequence {2;"^}^^ of {2;"};[^, 
which is weakly convergent in L3r(0,T; L^(G x S''^"^)). Utilizing the inequality (12.171) again, 
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we see {Z"'J}j'^ is also uniformly bounded in L'jr{0,T; LP'iG x S'^ ^)). Hence, we know that 
there is a subsequence {Z"*}^^ of it, which weakly converges in L^(0,T;L^(G' x S'^^^)). 
Denote by z {resp. Z) the weak limit of {z"'-'}^^ {resp. {Z"'-'}^^). 

Let us now show that {z, Z) satisfies (11 .6^ . Let 7 G C([0,T]; M) such that 

^eL^(0,T;M), 7(0) = 0. 

Set 7j(t) = 7(t)ej. Multiplying the equation f l2.16p by 7j(t) and employing Ito's formula, we 
have 

l^r'"' 7i(7'))2,2(Gx5'*-i) 

^ fz"Hi), ^) dt + f {z-^it),A"-^.{t)) dt 

V "'^ /L2(GxS''-i) >^0 

(2.18) 
Letting k — )■ +00, we arrive at 

(zT,7i(^))L2(Gx5d-i) 

^ - rf7^\ 



[ H^)'^A2(Cx..-,^^ + yo (^^^)'^-^^^)-(— )^^ 



T 



+ / (&3(t)^(t),7.W)^2,Gx5<^-n^^+ / Ht)z{t) + Z{t)Mt))LHG>.S'^~-^^B{t). 



(2.19) 
Thus, for any ip G C^{G x S'^ "'^), we have 

(^r'^)L2(GxS-i)^(^) 

[z{t),^)^,^^^^,_,^^dt + J^ {z, U ■ y^)L2(^GxS^-.)ldt 

+ 1 Ht)m,^)L^G>cS^-^)^(^)dt + l ((^2(t),^(t))^.(5._.),^)^^^^^^^_^^7Wrft 

+ j (62(t)^(t), ^)^2(Gx5^-i)7W^i + J Ht)zit) + Z(t), ^)^,(^^^,_,)7(t)rf5(t). 

(2.20) 
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For any r G (0, T), define 7^ by 



7HSJ 



0, 

1 / e 

1, 



if s < r 



ifr--<.<r + -, 

if s > r + -. 
2 



(2.21: 



Substituting 7 in tlie equality (12.201) with 7^ and letting e — )■ 0, we see that for a.e. (r, uj) G 
[0,T] X fi, it holds that 




G JS'^-^ 



zt{x, U)iIj{x, U)dSdx 




cT 



z{t, X, U)%l){x, U)dSdx 




z{s, X, U)U ■ V'?/'(x, U)dSdxds 



+ 



+ 




G JS'i-^ 



't JgJs'^-^ 
[6i(s, X, U)z{s,x, U) + 63(5, X, U)Z(s,x, U)]ip(x)dSdxds 



(2.22) 




G J5''-i 



5d-i 



62(5, X, U, V)z{s, X, V)dS 



dSdxds 




+ I II \b4{s,x,U)z{s,x,U) + Z{s,x,U)]^{x,U)dSdxdB{s). 

It Jg Js-^-^ 

This means that (z, Z) satisfies (11.61) . 

Further, we prove that the inequality (I1.7P holds. From the inequality (12.171) and the 
construction of {z, Z), we get that 



E 



[ [ [ {\z{t)\^ + \Z{t)\^)dSdxdt<e^^'E [ [ Izrl^dSdx. (2.23) 

Jo Jg Js^-^ Jg Js^-i 



By means of the inequality (12.171) again, we know that for each fixed t G [0, T], we can find a 
subsequence {nj^i of {rifc}^^ and a z{t) G L'^{n, J=t, P; L'^{G x S"^-^)) such that {z-^^ {t)}°;i^ 
converges to z{t) in L'^{Q,J^t,P]L'^{G x 5"^"^)) weakly. Then, from (I2.17p . we get that 




\z{t)\'dSdx < e^''^E / \zT\'dSdx, 
gJs''-^ JgJs''-^ 



(2.24) 



where the constant C is independent of t G [0,T]. As a similar argument to obtain the 



16 



equality fl2.22p . we can get 

zt{x, U)ip{x^ U)dSdx 




z{T,x,U)^{x,U)dSdx — / / / z{s,x,U)U ■\/'il>{x,U)dSdxds 
+ / / [bi{s,x,U)z{s,x,U) + bs{s,x,U)Z{s,x,U)~\'ijj{x)dSdxds (2.25) 




T JgJs'^- 

T 




63(5, X, U, V)z{s, X, V)dS 

Sd-i 



dSdxds 



'G JS'i-'^ 

+ 111 {b4is,x,U)z{s,x,U) + Z{s,x,U))'^{x,U)dSdxdB{s). 

Jt Jg Js'i-^ 

Therefore, we find that z{-) = z{-) for a.e. (t, w) G [0,T] x Q. From this and the inequahty 
(E23])-(E2lD, we conclude that the inequahty dUT]) holds. D 

Now we give a proof of Proposition 11.31 

Proof of Proposition \1.3\ : The proof is almost standard. Here we give it for the sake of 
completeness. Let 

X = {fe H\G X S"-^) : / = on T+s]- 

Following the proof of Proposition 11.21 (for this, one needs numerous but small changes), one 
can show that if zt G L^(i7, J-^, -P; X), then the solution 

{z,Z) e L^(0,T;X)) X L^0,T-L\G x S'^-')). 

By Ito's formula, we see 

E 



/ / / zU ■ VzdSdxdt + E / / [2z{biz + b^Z) + {b^z + Zf] dSdxdt 

Jo JgJs^-^ Jo JgJs^-^ 

+E [ [ [ z{t,x,U)\ [ b2{t,x,U,V)z{t,x,V)ds]dSdxdt. 

Jo JgJs'^-^ ^Js'i'^ -I 



(2.26) 
Hence, we find 

-E / / U ■ vz^dT_sdt 
Jo Jr^s 

= E|2rli2(Gx5<^-i)-Ek(0)|2 2(^^5,_x)+E /" f I [2z{biz + bsZ) + {b^z + Zf]dSdxdt 



T 



< e^^'^EW^ 



JgJs-^- 

2 



+E I I I z{t,x,U) / b2{t,x,U,V)z{t,x,V)dS 



dSdxdt 



(2.27) 
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For any zt G L'^{n, Tt. P\ L'^{GxS^-^)), we can find a sequence {z^}^^^ C L\n, J^t, P] X) 
such that 



,(") 



hm z)^> = Zt in L^(fi, J^, P] L\G x S"-^)). 

n—^oo 

Hence, we know that the inequahty fl2.27p also holds for zt G L^{Q,J^t,P] L'^{G x S"^"^)). 

D 

Next, we introduce a weighted identity, which will play a key role in the proof of Theorem 
11.51 To begin with, we give some functions. Let < c < 1 such that cT > 2R. Put 

I = \{\x\'^ - ct^) and 9 = e^. (2.28) 

We have the following weighted identity involving 6 and /. 

Proposition 2.1 Assume thatv is an H^{R"')xL'^{S'^~^) -valued continuous semi-martingale. 
Put p = 9v. We have the following equality 

-e{lt + U ■ Vl)p[dv + U ■ Vvdt] 



~d[{k + U ■ V/y] - hj ■V[{lt + U ■ V/)/] +]^[lu + U-V{U- VI) 

+2U ■ Why + i(/t + u ■ yi){dpf + {it + u- wifp\ 



(2.29) 



(2.30) 



Proof of Proposition [2J\ : By the definition of p, we have 

e{dv + u-vv) = ed{e-^p) + eu ■ v{e-^p) = dp + u -vp-iit + u ■ vi)p. 

Thus, we know 

-e{lt + U ■ Vl)p{dv + U -Vv) 

= -{k + U ■ Vl)p[dp + U-Vp-{lt + U- Vl)p] 

= -{k + u- vi)p{dp + u-vp) + {it + u- vi)Y- 

It is easy to see 

1 11 

-kpdp = --diltp^) + -ktP^ + -lt{dpf, 

-U ■ Vlpdp = --d{U ■ Vlp^) + -{U ■ Vl)tP^ + -U ■ Vl{dpf, 

-kpu ■ Vp = -hj ■ v{hp') + \u . vitp\ 

-U ■ VlpU ■ Vp = --U ■ V{U ■ Vlp^) + -U ■ V(f/ • Vl)p^. 

From (12301) and ( lOTj) . we obtain the equality (ESH]). D 

At last, we give a result which will be used to show the negative results, that is. Theorem 

OHEl 

Set 

1, if t G [(1 - 2-2^)T, (1 - 2-2-i)r) , 2 = 0, 1, • • • , 

— 1, otherwise 



(2.31) 
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Lemma 2.1 071 Lemma 2.1] Let ^ = rj{t)dB{t). It is impossible to find (f?i, f?2) ^ 

Jo 
L^(0, T; R) X L^(0, T; M) and x G M with 

\imE\g2it) - g{T)\^ = 0, 

such that 

C = x+ I Qi{t)dt+ / Q2{t)dB{t). (2.32) 



3 Proof of Theorem 11.5 



This section is devoted to proving Theorem II. 5[ We complete the mission by employing a 
global Carleman estimate for the equation (11.51) . 

Proof of Theorem, \1.5\ : To start with, applying Proposition 12 . 1 1 to the equation (11.51) with 
V = z, integrating (I2.29P on (0, T) x G x 5"*^"^ and taking mathematical expectation, we get 
that 

-2E /" [ [ 9^{k + U-Vl)z{dz + U-Vzdt)dSdxdt 
Jo Jg i5<*-i 

= \e[ [ {cT-2U-x)e\T)z\T)dSdx + \E [ [ (cT + 2U ■ x)9^{0)z\0)dSdx 
Jg Js-i-^ Jg Js''-'^ 

+2cXE I I U ■u[c{T-2t)-2U ■x]9^z'^dT^sdt+2{l-c)XE I [ [ O^z^dSdxdt 
Jo ir_c Jo JgJs'^-^ 



s 

2J1, 



+E e\k+u-vi)ihz + zydSdxdt+2E // e\it+u -wiyz'dsdxdt. 

Jo JgJs^--^ Jo JgJs^-^ 

(3.1) 

By virtue of that z solves the equation (II. 5p . we see 

-2E / / / 9^{k + U-Vl)z{dz + U ■Vzdt)dSdxdt 
Jo Jg Js'i"^ 

= 2E f [ [ 9^{lt + U-Vl)z(biz+ [ b2it,x,U,V)z{t,x,V)dS + b3z)dSdxdt 
Jo JgJs-^-^ ^ Js'''^ ' 

<e\ f f e'^{lt + U -Vlfz^dxdt + m f f f e'^{b\z^ + blZ^)dSdxdt 
Jo JgJs'^-^ Jo JgJs''-^ 



+3E I f f 0^' 

'o Jg Js<i-^ 



b2it,x,U,V)z{t,x,V)dS 

Sd-i 



dSdxdt. 

(3.2) 
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This, together with the equahty (13. ip . imphes that 

AE / /" {cT-2U-x)9\T)z\T)dSdx + \E [ [ {cT + 2U ■ x)e\0)z\0)dSdx 
Jg Js''-^ Jg Js'i-^ 

+2(1-c)Ae/ / / e^z^dSdxdt + E I [ [ 9\lt + U-Vl)ihz + ZfdSdxdt 
Jo JgJs-^-^ Jo JcJs-i-^ 

+E [ [ [ 9\lt + U-VlYz^dSdxdt 
Jo JgJs^-^ 

<3E I II 9^{blz^ + blZ^)dSdxdt-2c\E I I U ■ u[c{T - 2t)-2U ■ x]9'^z^dT_sdt 
Jo Jg Js''-^ Jo ir_o 



+3E I f f 9^' 

'0 Jg Js<i~^ 



b2{t,x,U,V)z{t,x,V)dS 



dSdxdt. 

(3.3) 



Since 



e[ f [ 9'^{lt + U ■Vl){hiZ + ZfdSdxdt 

Jo Jg Jsd-^ 

e[ [ [ 9\k + U-Vlfz^dSdxdt+l-E[ [ [ 9\bl + 2bl)z^dSdxdt 

Jo JgJs'^-^ 2 Jo JgJs^'^ 



< 



T 

2/7 , TT V77 I ON VS, 



+E / / / 9\lt + U ■Wl + 2)Z'dSdxdt, 
Jo Jg Js''-^ 

by means of the inequahty (13. 3p , we find 

AE / / {cT-2U-x)9\T)z\T)dSdx + \E f f {cT + 2U ■ x)9^{0)z\0)dSdx 
Jg Js'i-^ Jg Js<i-^ 

+2{l-c)\E [ If 9h^dSdxdt - 3E [ [ [ 9\bl + bl + bl)z^dSdxdt 
Jo Jg Js^-^ Jo Jg Js^-^ 

-3|o2|^c^(Q.ioo(o,T;C(Gx5'*-ix5'*-i)))^ / j j ^_^ dSdxdt 



(3.4) 

< 

'o JgJs'^- 



3E /" [ [ 9^[bl + 2 + Xx- cXt] Z^dSdxdt 
Jo Jg Js<i-^ 

-2cAE f f U-u [c{T - 2t) - 2U ■ x] 9^z'^dT_sdt. 
Jo Jr„c 



Owing to |x| < 2R, we know that 



(cT - 2i?)E /" /" 9\T)z^{T)dSdx<E f f 9^{T){cT - U ■ x)z'^{T)dSdx, 

JgJs'^-^ JgJs'^-^ /o c-n 



{cT-2R)E / 9\0)z'{0)dSdx<E / 9\0){cT + U ■ x)z'{0)dSdx. 
Jg Js<i-^ Jg Js^-^ 
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Taking 

\ - ^ (\h |2 I 17, |2 

'^l ~ 2(1 - c) \^^^L'^iO,'^'L°°iGxS<i-i)) -r l"2|i^(Q.j^oo(o,T;C(GxS'*-ixS'*-i))) 

for any A > Ai, it holds that 

3E [ [ [ 9\bl + bt + bl)z^dSdxdt 
Jo Jg Js'^'^ 

+3|^2|i^(f,.ioc(o,T;G(Gx5^-ix5rf-i)))^y J J ^_^O^z''dSdxdt (3.6) 



< 2(1 - c)AE / / / e^z'^dSdxdt. 
Jo Jg Js-^-^ 

From fl3.4p - fl3.6l) . and noting that cT > 2R, we find that 



E / / 9\T,x)z^{T,x)dSdx 
Jg Js''-^ 

<E f f f 9^{bl + 2\x- 2cXt) Z'^dSdxdt 
Jo Jg Jsd-^ 

-2cAE f f U-u [c{T - 2t) - 2U ■ x] 9h'^dT_sdt. 
Jo Jr^s 

By the definition of ^, we have 



cAt2 ^ a ^ „4Aii;2 



This, together with the inequahty (13. 7p . shows that 



e-2^^^'E / / z%dSdx 




gJs-^- 



1 



< Ce^^^' < E / / / Z^dSdxdt + E / / U- vz^dV_sdt 



/ / Z^dSdxdt + E / 
'0 JgJs^-i Jo Jr_s 

which imphes that 



E / / z^dx 




G JS'^-^ 



10 JT_s 

This completes the proof. 
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(3.7) 



(3.^ 



<^g2cAiT2+8Aifi2r^ /■ II z^dSdxdt + E I I U-uz^dT_sdt\ (3.9) 

<e^'"'4E [ If Z^dxdt + E [ [ U-uz'^dT_sdt]. 
'- Jo JgJs^-^ Jo ir_s ^ 



4 Proof of Theorem 11.1 



This section is addressed to a proof of Theorem 11.11 

Proof of Theorem li.il : Since the system (11. ip is hnear, we only need to show that the 
attainable set At at time T with initial datum y{0) = is L'^{Q, J-'t, P', L'^{G x S'^~^)), that 
is, for any yi G L'^{Q, J-'t, P', L'^iG x S"^"^)), we can find a pair of control 

{u,v) e L%{Q,T-Ll{L\V_s))) X Ll{Q,T-L\G x S"-^)) 

such that the solution to the system (11. ip satisfies y{T) = yi in L'^{G x S^^^), P-a.s. We 
achieve this goal by duality argument. 

Let bi = — Oi, 62 = —0-2 and 63 = —03 and 64 = in the equation (II. 5p . We introduce 
the following linear subspace of L^O,T; Ll{L^{T_s))) x L^O,T; L^{G x S'^-^)): 

A" = < ( — z\r_s, Z^ {z, Z) solves the equation (II. 5p with some 

ZT e L\n,J^T,P]L\G X S'^-^))] 
and define a linear functional £ on A" as follows: 

C{z{-,0),Z)=E / yiZTdSdx-E / / zfdSdxdt. 
Jg Js-^-'^ Jo Jg Js-^-^ 

From Theorem 11.51 we see that £ is a bounded linear functional on X . By means of the 
Hahn-Banach theorem, C can be extended to be a bounded linear functional on the space 
L2,(0, T; L^(L2(r_5))) X i:2^(0, T; L'^{G x S'^-^)). For simphcity, we still use C to denote this 
extension. Now, by Riesz Representation theorem, we know there is a pair of random fields 

(u, v) e L^(0, T; LliL^T.s))) x L^O, T; L\G x S'-')) 

so that 

^ yiZTdSdx — E / / / zfdSdxdt 

Jg Js<i-^ Jo Jg Js<i-^ ,. -, X 

= -E / / U ■ uzudT^sdt + E / / vZdSdxdt. 

Jo Jr^s Jo Jg J S'^-^ 

We claim that this pair of random fields (m, v) is exactly the control we need. Indeed, by 
means of Ito's formula, we have 



E / / y(T, ■)zTdSdx 
Jg Js-i-^ 

E / / / {-zU ■ Vy + aiyz + fz)dSdxdt + E / / / {a^yZ + vZ)dSdxdt 
Jo JgJs^-^ Jo JgJs''-^ 

+E / / / ( / a2ydS]zdSdxdt+E / / / {—U-Vzy — aiyz — asyZ)dSdxdt 
Jo JgJs''-^ ^ Jsd-^ ^ Jo JgJs^-^ 

— E III ( / a2ydS\zdSdxdt. 
Jo JgJs'^-^ ^Jsd-^ ^ 



(4.2) 
22 



Hence, it holds that 



E / / y{T, ■)zTdSdx - E / / / zfdSdxdt 

-E / / U ■ uzudV^sdt + E / / / vZdSdxdt. 
Jo Jr_s Jo Jg Jsd--'^ 



(4.3) 



From (14.1 p and (14. 3p . we see 



E / / yiZrdSdx = E / / y{T, ■)zTdSdx. (4.4) 

Jo Js''-^ Jg Js''-^ 

Since zt can be arbitrary element in L'^{Q, J^t, P] L'^{G x S'^^^)), from the equality (14. 4p . we 
get y{T) = 2/1 in L\G x S'^^^), P-a.s. D 

5 Proof of the lack of exact controllability 

The purpose of this section is to give a proof of Theorem ll.2H1.4[ In order to present the 
key idea in the simplest way, we only consider a very special case of the system (II. ip . that 
is, G = (0, 1), ai = 0, 02 = 0, 03 = 1, 04 = and / = 0. The argument for the general case 
is very similar. 

Proof of Theorem \1.2\ : We first show that if f = in L'^{0, T; L^(0, 1)), then the system 
(II. ip is not exactly controllable at any time T. In this case, the system we study is as follows: 

dy + y^dt = ydB{t) in (0, T) x (0, 1), 

y{t,{]) = u{t) on(0,T)x{0}, (5.1) 

2/(0) = 2/0 in (0,1). 

It is easy to see the solution of the system (15.11) is 

y{t,x) = \ :'' (5.2) 

Here u{t) = e~^^^'~^2u{t). We first deal with the case T > 1. Choose a 

y e L'^in, J^T, P; L'^iO, 1)) such that X{i,i)y i ^^(^, ^t-\^P\ ^^(0, !))• 

Set 2/1 = X(i i)e^^'^^~^y- Then we know that for any control u E L3r(0,T;R), it holds that 
2/1 7^ y{T) in L^(r2, J^t, P] -^^(0, 1)). Otherwise we get X(T-i,T-i)'" = ^{-,1)^ ^^ (I' ■'-)' "^^ich 
means that X(t-it~^)'^ ^ L'^{Q,J^j._i^P] L^(0, 1)). This leads to a contradiction. 

Now we treat the case T < L. The idea is the same as the proof for T > L. Choose a 

y e L^n, Tt, P; L\0, 1)) such that X(i-T,i)y i L\n, To, P; L^O, 1)). 
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Set yi = X{i-T,i)^^^^^~^y- Then we have yi ^ y{T) in L^(r2, J^t-, P] -^^(0, 1)), for any control 
u e L|-(0,T;M). If not, we find X(i-t,i)?/o = X(i-t,i)^ ^ -^^(^,-^0, -P; -^^(0, 1)), which leads 
to a contradiction. 

Now we are in a position to prove Theorem 11.21 for u = 0. In this case, the system (11. ip 
reads as 

' dy + yjt = (1 + f)dB{t) in (0, T) x (0, 1), 

y(t,0) = on(0,T)x{0}, (5.3) 

y(0) = 2/o in (0,1). 

Since the system (15. 3 p is linear, we only need to show that the attainable set At at time T 
for initial datum j/o = is not L'^iVt, Tt-, P\ -^^(0, 1)). The solution of the system (ll.4p is 



y(T) = 5(T)yo + / 5(T - s) [l + /(.)] d5(.) 



(5.4) 



Here {>S'(t)}t>o is the semigroup introduced in Section 2. One can see [2| Chapter 6] for 
establishing (15. 4p . 

From (jMD, we find E(y(T)) = E(5(T)yo). Thus, if we choose a yi G ^^(n, jr^, P; L2(0, 1)) 
such that ]E(|/i) 7^ 0, then yi is not in At^ which completes the proof. D 

Proof of Theorem \1.3\ : Put 

V={v: ve L^O, T- L^{0, 1)), t; = in (0, T) x Gq}. 

Let ^ be given by Lemma [2?T1 Choose aip E C^{Go) such that \iP\l^(g) = 1 ^^^ set yx = ^ip- 
We will show that yx cannot be attained for any y^ E M., u E L^(0,T; M) and v E V. This 
goal is achieved by contradiction argument. If there exist a -u G Ljr{0, T; M) and av eV such 
that the corresponding solution y{-) satisfies y{T) = yT, then by Ito's formula, we obtain 

^ = / yri^dx 
Jg 

yQ-ijjdx — / / il)yxdxdt+ I I ^jj{y + v)dxdB{t) (5.5) 

G Jo Jg Jo Jg 



yoipdx + / ( I il)xydx\dt + / f / ipydx]dB{t) 

It is clear that both / ipxVdx and / ipydx belong to L^(0,T;M). Further 
Jg Jg 

'ijjy{t)dx — / il>y{T)dx =limE / il)\y{t) — y{T)\dx 



limE 



t^T 



2 



0. 



These, together with (15. 5p . contradict Lemma [2.11 

Proof of Theorem \1.4\'- The proof is similar to the one for Theorem 11.31 



Let ^ be given by Lemma 12.11 Choose a. ip E C^{G) such that |V'|l2(g) = 1 and set 
Ut = ^ip- We will show that yr cannot be attained for any yo E M., u E L3r(0, T;M) 
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and C. G L3r(0,T; L^(0, 1)). It is done by contradiction argument too. If there exist a 
u G L^(0,T;]R) and an £ G L^(0,T; L^(0, 1)) such that the corresponding solution y{-) 
satisfies y{T) = yx, then by Ito's formula, we obtain 

^ = / yripdx 
Jg 

yoijjdx — / ^{yx — i)dxdt + / il>ydxdB{t) (5.6) 

G Jo Jg Jo Jg 

yoijjdx + / i / ijjxydx + / 'ijjidxjdt+ / f / 'ipydx]dB{t). 

It is clear that both / ip^ydx + I ipidx and / ^ydx belong to L^(0,T; M). Further, 
Jg Jg Jg 

r 2 r 2 

■ipy{t)dx — / iJjy{T)dx =limE / ijj[y{t) — y{T)~\dx =0. 



limE 

t^T Jg ' " '' ' Jg ' " '' ' ^~^'^ 

These, together with (15. 6p . contradict Lemma 12711 D 
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